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very successful in that it predicts uZm to be only slightly 
dependent on junction functionality and to have a value 
quite close to that obtained experimentally. 
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ABSTRACT: A method has been developed, employing recycle size exclusion chromatography (GPC), to 
separate instrumental spreading from spreading due to the molecular weight distribution of the polymer. This 
is particularly important for polymers with small M,/M, values, such as the anionic polystyrenes, where 
instrumental spreading accounts for a large fraction of the total spreading. Because of interferences with 
the base line from impurities, a novel technique for treating the data was employed to minimize the effect 
of base line irregularities. The analysis separated the components of instrumental spreading into spreading 
due to the sample injection, ui, to the columns, uc, and to the pump and additional tubing needed for recycling, 
up A total of six anionic polystyrenes, including two Standard Reference Materials, SRM 705 and 1478, ranging 
in molecular weight from 9000 to 390 000 were analyzed in toluene and four in THF to give M J M ,  values 
of 1.003-1.05. The value of uc increases with increasing molecular weight. In previous treatments of recycling, 
ui and up were neglected, leading to less accurate values of M,/M, and gc. 

The width of a peak in a liquid size exclusion chroma- 
togram (LSEC) is due to the polydispersity of the polymer, 
the column spreading, and the spreading produced by 
injecting the polymer sample in a finite volume of solvent. 
For polymers with broad molecular weight distributions, 
the spreading due to the polydispersity of the polymer is 
much larger than the other components of the spreading 
which may therefore usually be neglected as a first ap- 
proximation, and the molecular weight averages, M ,  and 
M,,, and the polydispersity, Mw/M, ,  may be computed 
from the chromatogram. However, for narrow fractions, 

the spreading due to the columns may not be neglected 
because it is large in relation to that due to the polydis- 
persity of the fraction. Waters1 and Grubisic-Gallot et d2 
have used recycle chromatography to measure the poly- 
dispersity of narrow fractions, taking into account only the 
column spreading. In this treatment, we also include the 
spreading due to the injection as well as the additional 
spreading due to the pump and associated tubing required 
in recycle chromatography. The polydispersity, M w / M n ,  
of narrow fractions may be more accurately measured by 
recycle chromatography than calculated from M ,  and M, 

This article not subject t o  U.S. Copyright. Published 1980 by the American Chemical Society 
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RECYCLE M O D E  
Figure 1. Schematic diagrams of the size exclusion chromato- 
graph in regular and recycle modes. 

measured separately by classic methods such as light 
scattering and osmotic pressure. 

Once the polydispersity of a narrow fraction has been 
ascertained, it is possible with this narrow fraction to 
measure the column spreading for any given column set. 
This set may then be employed to measure the polydis- 
persity of other narrow fractions, since the column 
spreading is now known. 

Recycle Theory 
The chromatograms of narrow fractions may usually be 

adequately approximated by Gaussian curves. The 
analysis of skewed chromatograms is treated later in this 
paper. The spreading of a chromatogram is measured by 
the dispersion defined by 

(1) 

where H ( v )  is the height of the chromatogram at the re- 
tention volume, v ,  and uo is the retention volume at  the 
maximum height of the chromatogram. As indicated 
above, for a single pass of the fraction through the column 
this dispersion has three components: the dispersion due 
to column spreading, uo the dispersion due to polydis- 
persity of the polymer fraction, U d ,  and the dispersion 
produced by injecting the sample in a finite volume of 
solvent, ui. Because the squares of the dispersions are 
a d d i t i ~ e , ~  the squared dispersion is given by 

u2 = I ( v  - vJ2H(v )  d v / I H ( v )  dv 

u12 = 0: + + (Ti2 (2) 
where a is the slope of the calibration curve of the column 
given by 

v = B - a  In M (3) 
If the calibration curve is not linear in In Mover the entire 
molecular weight range, it can still be well approximated 
by eq 3 for the narrow range of molecular weights in the 
fraction. 

Figure 1 shows the chromatograph connected in the 
recycle mode. After the polymer sample passes through 
the differential refractometer in the first cycle, it continues 
through additional tubing and through the pump. Then 
it is recycled through the columns. Figure 2 shows sche- 
matically a typical chromatogram. 

At  each cycle, the dispersion of the chromatogram is 
increased due to dispersion of the column and due to po- 
lydispersity of the polymer sample. Also, a dispersion, op, 
is added when the polymer sample passes through the 
extra tubing and pump from the differential refractometer 
to the injector. The dispersion, on, of the chromatogram 
measured by the differential refractometer after passing 
through the column n times is given by 

02 = nu: + n2u2ud2 + o: + (n - l)u,2 (4) 

CYCLE 111 r. Macromolecules 

EXAMPLES O F  RECYCLE C H R O M A T O G R A M S  

C Y C L E  112 

Figure 2. An idealized recycle chromatogram. 

A mathematical derivation of eq 4 is given in Appendix 
I, but it may be easily interpreted. The dispersion, uc, due 
to the column is a random process due to a polymer 
molecule moving through the column with speeds faster 
or slower than its mean speed, so the contribution of this 
component to the squared dispersion will be the squared 
dispersion due to a single pass through the columns 
multiplied by the number of cycles, i.e., the component will 
be nu?. However, the contribution due to the polydis- 
persity of the molecular weights in the sample will be 
proportional to n so that the contribution to the total 
squared dispersion will be proportional to n2, or n2a2ud2. 
The dispersion ( ~ i  is produced by the single initial injection 
of the sample and does not increase with recycling, so its 
contribution to the total dispersion does not depend on 
n. The dispersion, up, due to the sample passing through 
the extra tubing and pump is again a random process, so 
its contribution to the total squared dispersion will be 
proportional to n - 1, the number of times that the sample 
passes through the tubing and pump. The total squared 
dispersion of the chromatogram for cycle n is therefore 
given by eq 4 as the sum of the four components of the 
squared dispersion. 

The dispersion, Ud, due to the polydispersity of the 
polymer fraction is shown in Appendix I to be related to 
the polydispersity by: 

ad2 = In (M,/M,) (5) 

Chromatograms were also measured in the recycle mode 
with the columns removed and the injection port con- 
nected directly to the differential refractometer. In this 
case, the dispersions due to the columns and the sample 
polydispersity are absent so that eq 4 reduces to 

an2 = ui2 + (n  - l)up2 (6) 

The method of analysis of the recycle chromatograms 
is now given. First, chromatograms were obtained for the 
chromatograph connected in the recycle mode with the 
columns removed and the dispersions of the chromato- 
grams, on, measured vs. cycle number, n. A graph of an2 
vs. n - 1 was then drawn. By eq 6 a straight line is ob- 
tained and the values of u: and up2 were determined as 
the intercept and slope, respectively, of the line. 

Rearranging eq 4 gives 
u,2 - ai2 - (n  - l)up2 

n = u: + nu2ud2 (7) 

From a chromatogram of a polymer sample run on the 
recycle mode (Figure l), the dispersion, un, is measured 
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Cycle I 

Figure  3. An acutal chromatogram for the first cycle. 

F igure  4. An actual chromatogram for a large cycle number. 

vs. cycle number, n. Then the left-hand side of eq 7 is 
evaluated b y  using the previously determined values of ui 
and u This quan t i ty  plotted vs. n will, by eq 7, give a 
s t r a i g b  line with an intercept of u,2 and a slope of a2ud2. 
The polydispersity of the polymer sample is then calcu- 
lated from ad2 b y  eq 5 b y  using a value of a determined 
from the calibration curve of the column. 

Experimental Section 
These measurements were carried out on a high-speed, high- 

performance LSEC system which consists of the following Waters 
Associates6 components: (a) a high pressure pump, 6000A, in 
which flow rate is specified uniform to within 1% a t  1 mL/min; 
(b) four microstyragel columns, 30 cm long, about 8 mm in di- 
ameter, with nominal pore sizes of lo3, lo4, lo5, and lo6 A; (c) a 
U6K injector (septumless); and (d) an R401 differential refrac- 
tometer as a detector. At the most sensitive gain we employed, 
full scale corresponded to about 1 x refractive index units. 

Both T H F  and toluene were used as solvents. Calibration of 
the columns was accomplished with narrow distribution poly- 
styrenes, many of which were the samples analyzed in this work. 
For T H F  the calibration curve of retention volume vs. log mo- 
lecular weight was linear. There was a small amount of curvature 
in the toluene calibration curve, but for the purpose of determining 
M,/M,, the value of the slope in the molecular weight region of 
interest was calculated and assumed constant over the narrow 
molecular weight range of the sample. 

The narrow molecular weight distribution polystyrenes were 
obtained from the Pressure Chemicals Co., Pittsburgh, Pa.6 Two 
NBS Standard Reference Materials, SRMs, were included SRM 
705, molecular weight about 180000, and SRM 1478, molecular 
weight about 37000.4 Sample size was always 0.5 mL, with 
concentrations ranging from 0.1 '70 for the highest molecular weight 
to 0.25% for the lowest. 

The largest source of error in these recycle experiments is due 
to spurious peaks in the chromatograms that are not produced 
by the injected polymer. They are often ascribed to solvent 
impurities or air dissolved in the solvent. They are found at  such 
low molecular weights that they are readily separated from the 
peak due to the polymer in the first cycle, as illustrated in Figure 
3. However, on subsequent cycles, these extraneous peaks can 
occur on or near the polymer peak as shown in Figure 4, resulting 
in a distorted chromatogram and making it difficult to draw an 

T 
P 

Figure 5. Measurements made on a chromatogram to determine 
its dispersion by the tangent and constant area methods. 

Table I 
Recycle Chromatograms of Polystyrene 

SRM 1478 in Toluene 

cycle w, Hrn, A ,  p ,  Wcalcdr "nl/n, 
no.n  mL cm mL/cm cm mL mL2 

1 2.2 32.61 45.0 5.89 2.16 0.292 
2 3.7 18.49 42.9 3.10 3.71 0.430 
3 5.12 13.46 43.2 2.34 5.12 0.546 
4 6.17 10.82 41.9 2.08 6.26 0.612 
5 7.39 9.04 41.9 1.65 7.49 0.702 
6 8.44 7.70 40.6 1.32 8.67 0.783 
7 9.52 6.76 40.4 1.35 9.82 0.861 
8 10.72 6.30 42.4 1.14 10.82 0.914 
9 11.56 5.54 40.1 1.04 11.95 0.992 

accurate base line. These peaks were reduced in the case of 
toluene by flushing the injector with solvent before injection. In 
the case of THF, it was necessary to divert the flow to waste when 
these disturbances passed the refractometer in the first cycle, thus 
removing the components from the system. The system was then 
returned to the recycle mode. However, some distortion of the 
base line still occurs due to switching the flow from the recycle 
mode to waste and back again. 

The dispersions were first calculated by using eq 1 and eval- 
uating the integrals numerically. The results were highly de- 
pendent on the base line used, especially for chromatograms after 
a large number of cycles. This is because the integrals in eq 1 
are very dependent on the tails of the chromatograms, and the 
tails may be badly distorted by spurious peaks. The dispersions 
were then determined from the widths of the chromatograms 
illustrated in Figure 5. The width of the chromatogram, W ,  is 
equal to 4a, assuming the chromatogram is a Gaussian curve. The 
width is not as sensitive to the tails of the chromatogram and gives 
more consistent values for the dispersions than did numerical 
integration. 

A large source of error in determining the dispersions is due 
to the uncertainty of the base line of the chromatograms for large 
values of n. A method that is independent of the base line was 
therefore devised, based on the areas of the chromatograms. 

The area of a chromatogram, approximated by a Gaussian 
curve, is 

A = ( T / ~ ) ' / ~ W H ,  (8) 

where H,, shown on Figure 5, is the maximum height of the 
chromatogram. Table I shows values of W, H,, and A vs. cycle 
number, n, for a recycle chromatogram of SRM 1478. The com- 
puted area is seen to decrease with n, except for the first few cycles. 
However, the area is proportional to the amount of polymer in 
the sample, so it must be independent of the cycle number. The 
decrease of the calculated area occurs because the tails of the 
chromatograms fade into the background noise, due to the 
broadening of the chromatograms with n and the distortion from 
the spurious peaks. As a result, the base line is drawn too high, 
giving too small values for W, H,, and the calculated areas. 

To reduce this error, W was calculated on the assumption that 
the areas of the chromatograms are constant. Because the base 
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Figure 6. Graph for SRM 1478 (run 1) in toluene. The intercept 
gives the value of 0: and the polydispersity is calculated from 
the slope of the line. 

line is more certain for the initial chromatograms, a value of 43 
mL/cm is assumed for the area in this case. In addition to W 
and H,, the distance P between the peak and the intersection 
of the tangents is also measured for each chromatogram. Then 
tan 8 is calculated as 

(9) 

H, is eliminated from eq 8 and 9 and the result is solved for 

(10) 

Assuming A = 43 mL/cm, values of W, were calculated by eq 
10 for each cycle and are shown in Table I. These values depend 
only on the value of P and tan 8 of the chromatogram and are 
thus independent of the base line. 

The chromatograms obtained in the recycle mode with the 
columns removed from the chromatograph were first analyzed. 
The squared dispersions, a:, of 0.056 and 0.302 mL2 were obtained 
for the first and second cycles. By eq 6 we obtain 

tan 8 = W/[2(P + H,)] 

W to give 
W, = P tan 8 + [p tan2 0 + 2 ( 8 / ~ ) ' / ~ A  tan 

u: = 0.056 mL2 up2 = 0.246 mL2 (11) 

The dispersion, ui, due to plug shape injection of the polymer 
sample is3 

(r? = (Au)'/l2 (12) 

where Av is the volume of polymer solution injected. In practice, 
0.5 mL of polymer solution was injected into a sample loading 
loop with a volume of 2 mL that initially contains solvent. The 
loop is then connected to the flow system, during which the 2 mL 
of solution and solvent from the loop flowed to the columns. If 
no mixing of the polymer solution and solvent occurs in the loop, 
then Av is 0.5 mL and (ri2 = 0.021 mL2. On the other hand, if 
complete mixing of the polymer solution and solvent occurs in 
the loop, Av = 2 mL, the volume that flows from the loop to the 
columns, so u: = 0.33 mL2. The observed value of u t  of 0.056 
mL2 is between these extreme values, so partial mixing of the 
polymer solution and solvent in the loop appears to occur. 

Chromatograms were also measured with the loop connected 
to the chromatograph for only 0.5 min so that only 0.5 mL of the 
solution flowed to the columns, giving Av = 0.5 mL. These 
chromatograms gave the predicted value of uiz = 0.021 mL2. 

The dispersion up is due to mechanical mixing of the polymer 
on passing through the connecting tube and the pump. Thus it 
is independent of the molecular weight of the polymer, and the 
value u: = 0.246 mL2 was used for analyzing all runs. 

Results 
Figure 6 shows the result for a recycle run of SRM 1478 

in  toluene. T h e  total  dispersions of t h e  chromatograms, 
u,, were measured as previously described for cycles n = 
1-10. The  quantity [ C T ~  - u? - (n - l)u,2]/n was calculated 
for each cycle a n d  is plotted in Figure 6 vs. n. T h e  da ta  

Table I1 
Polydispersities and Column Spreading Parameters 

for Polystyrene Samples 
sample solvent M X M,/M, u,., mL 

a 

SRM 1477 toluene 9.1 1.124 0.259 
THF 1.050 0.158 

SRM 1478 toluene 36 1.0095 0.395 
toluene 1.0099 0.436 
toluene 1.0091 0.437 
THF 1.0090 0.394 

PC25170 toluene 51 1.0028 0.336 
PC4b toluene 111 1.0030 0.581 

toluene 1.0043 0.449 
SRM 705= toluene 175 1.0062 0.592 

THF 1.0090 0.505 
PC50124 toluene 233 1.0028 0.551 
PC3b toluene 390 1.0027 0.538 

Values for only the large peak in the chromatogram. 

are  seen to  fit a straight line with intercept and  slope of 
0.190 a n d  0.071, respectively. By comparison with eq  7, 

0: = 0.190 a2C7d2 = 0.071 (13) 
T h e  molecular weight of the polymer sample SRM 1478 

is 3.6 X lo4. T h e  slope, a, of the  calibration curve of these 
columns for polystyrene of molecular weight of 3.6 X lo4 
is -2.68. These values of (rd2 and  a were substi tuted in eq  
5 and  t h e  equation solved t o  give 

M,/M, = 1,010 (14) 

Thirteen recycle runs were performed with seven poly- 
styrenes. T h e  results are  shown in Table  11. 

The  chromatogram of SRM 705 consisted of a large peak 
and a small distinct shoulder at a higher molecular weight 
t ha t  is believed to  be due to the  presence of some polymer 
of about  twice t h e  molecular weight of t h e  bulk of the 
polymer. T h e  measurements on t h e  chromatogram were 
made on  only the  large peak, so that the measured poly- 
dispersities are  for only that part of the polymer. T h e  
polydispersity of SRM 705 is t hus  larger t han  the values 
given in Table  11. 

These  results are not  in disagreement with those cer- 
tified for SRM 705 and SRM 1478, as is evident from the  
precision assigned t o  the  molecular weight given on t h e  
certificates4 for these polymers. 

Skewness 
T h e  chromatograms were approximated as symmetrical 

Gaussian curves in the preceding analysis. However, since 
skewed chromatograms a re  sometimes obtained, t h e  
analysis is extended t o  include skewing. 

T h e  skewness of a chromatogram is defined by  

where vo is t h e  mean retention volume. T h e  skewness is 
caused by t h e  skewness of t he  molecular weight distribu- 
tion of t he  polymer and a skewed column dispersion. T h e  
skewness for t he  chromatogram a t  t he  n t h  cycle is shown 
in Appendix I1 t o  be given by 

S,/n = Yz7w3 - 2/7a3y3n2 (16) 

where w a n d  y, defined in Appendix 11, are  measures of 
t he  skewness of t he  column dispersion a n d  polymer mo- 
lecular weight distribution, respectively. T h e  two com- 
ponents of t h e  skewness may be evaluated. First, S,  is 
computed by eq  15 for a number of cycles. T h e n  S,/n 
plotted vs. n2 gives a straight line by eq 16. T h e  measure, 
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w, of the skewness of the column dispersion is computed 
from the intercept of the line, and the measure, y ,  of the 
skewness of the polymer molecular weight distribution is 
computed from the slope of the line. 

The dispersion, ac, of the column spreading and ax of 
the MWD are next computed by rearranging eq 11.7 to give 

u,2 - 6: - (n  - 1)up2 - 2/9a2y2n2 - z/w2n 
n = uc2 + na2u2 

Measurement of Polydispersity of Narrow Fractions 689 

The left-hand side of eq 17 is computed by using values 
y and w from the analysis of skewing and ai and u com- 
puted from measurement with the columns remove$. The 
values u," and u," are then determined from the slope and 
intercept of a plot of the left-hand side of eq 17 vs. n. 

As shown in Appendix 11, the ratios of molecular weight 
averages are given by 

and 

Therefore, the analysis of both the skewness and dispersion 
of the chromatograms yields the molecular weight ratio 
M J M ,  in addition to the polydispersity, Mw/ M,, of the 
MWD of the polymer. However, the interference of the 
spurious peaks on the chromatograms caused the values 
of S, calculated by eq 15 to be too inaccurate for a reliable 
analysis of the skewness to be performed. Hopefully, these 
spurious peaks will be removed in future LSEC investi- 
gations so that the above analysis of the skewness will be 
feasible. 
Discussion 

The values of the polydispersity Mw/M,  vary from about 
1.003 to about 1-01. The precision may be determined 
from the replication of recycle runs for samples SRM 1478, 
PC4b, and SRM 705 as shown in Table 11. The values of 
Mw/Mn for SRM 1478 show excellent agreement, while the 
values for PC4b and SRM 705 also show good agreement. 
These results indicate that these materials are very narrow 
in molecular weight distribution. 

Because account is taken of the spreading due to the 
sample injection and the pump, ui and up, it is possible to 
obtain more reliable values of the column spreading pa- 
rameter, uc, than heretofore. If it is assumed, as has been 
done previously, that the total spreading is due only to the 
columns and the polydispersity of the sample, then by eq 
7 ,  u,"/n = u," + nu2ud2. Thus a plot of u,2/n vs. n should 
yield a straight line with a value of 0," from the intercept 
and crd2 from the slope. This is the method used by Gr- 
ubisic-Gallot et  a1.2 Such a plot of some of our data is 
shown by the triangles in Figure 7, together with the same 
data, plotted by squares, as before corrected for ( ~ i  and up. 
It is evident that in the former treatment a straight line 
is not obtained and the plot shows distinct curvature. 

If the points for low values of n are ignored, the slope 
of a line through the points gives an approximate value 
of a2CTd2, from which the polydispersity of the sample may 
be calculated. However, a2ud2 may be more accurately 
calculated from the data, shown by the squares, corrected 
for ui and up. A reliable value for u: may not be obtained 
from the uncorrected values. 

Waters1 plotted a quantity proportional to u,2/n vs. l l n .  
He did not correct for ui and up, so his method is also only 
approximate. 

< 
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Figure 7. Graph €or SRM 1478 in toluene (run 2). Data plotted 
as [ u 2  - 6: - ( n  - l)u;]/n: (B) as in Figure 6, and as u 2 / n  (A). 
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Figure 8. Column spreading vs. molecular weight of sample. 

Figure 8 shows crc vs. molecular weight of the samples. 
The column spreading is seen to increase with molecular 
weight and does not depend on solvent. Tung5 found that 
6, was also independent of polymer. However, he found 
a maximum in u, with respect to molecular weight (a 
minimum in his value of h )  for his column set, which is 
not found in our data. 

Conclusions 
By taking into account the dispersion due to the injec- 

tion of the sample and the dispersion due to the pump, 
it has been possible to obtain accurate values of the po- 
lydispersity of narrow molecular weight distribution 
polystyrenes. Because of the special technique employed 
to analyze the chromatograms, irregularities in the base 
line caused by solvent impurities have been minimized. 
These samples have much narrower molecular weight 
distributions than previously suspected. Now that their 
M w / M n  values are known, they may be employed to es- 
timate the column spreading of any other column set. 

Appendix I. Derivation of Dispersion of Recycle 
Size Exclusion Chromatograms 

Recycle SEC is best analyzed3 by Laplace transforms. 
The input function, the shape a t  injection, may be rep- 
resented by a Gaussian curve, and the spreading functions 
of the column and the pump and piping from the detector 
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and the head of the column may also be represented by 
Gaussian curves. The transform of the chromatogram of 
a monodisperse polymer at  the detector is given by the 
product of the transforms of the input function and the 
spreading functions. On taking the inverse transform, the 
chromatogram after the sample passed through the column 
n times is proportional to 

exp(-[u - nuo - (n - 1)~,]~/2[nu,2 + ai2 + (n - 1)a,2]) 
(1.1) 

where uo is the retention time of the column, up is the 
retention time of the pump and tubing, and a. ai, and a 
are the dispersions of the column, injection, and pump anc! 
tubing, respectively. 

Equation 1.1 applies to a monodisperse polymer. The 
retention volume, uo, of the peak of the chromatogram is 
given by eq 3 as 

u ~ = B - u X  (1.2) 

X = l n M  (1.3) 

and M is the molecular weight of the polymer. The 
polymer sample is assumed to have a narrow logarithm- 
ic-normal molecular weight distribution given by 

F(X) = exp[-(X - x)2/2ad2] (1.4) 

The chromatogram H ,  for this molecular weight distri- 
bution is obtained by substituting eq 1.2 in eq 1.1 and 
integrating over the molecular weight distribution eq 1.4 

H, a S_Iexp[-(X - 8)2/2Ud2] x 

where 

exp(-[u - nB + n u x  - (n - l )u , I2/  
2[na,2 + ai2 + (n  - 1)u,2]) dx 

a exp(-[u - nB + n u x  - (n - 1)u,J2/  
2[na,2 + q2 + (n - l)aP2 + n2a2ad2]) (1.5) 

The chromatogram is therefore a Gaussian curve and 

(1.6) 

The weight average molecular weight for the distribution 

its dispersion is 

an2 = na,2 + a? + (n - 1)a; + n2u2ad2 

1.11 is given by 

l:MF(X) d X  

I w F ( X )  d X  
Mw= = exp(x  + ad2/2) (1.7) 

where M from eq 1.3 and F(X) from eq 1.4 are substituted 
and integrations performed. Similarly, 

M ,  = exp(X - ad2/2) (1.8) 

Solving eq 1.7 and 1.8 for a d 2  gives 

ad2 = In (Mw/M,) (1.9) 

Macromolecules 

Appendix 11. Derivation of Dispersion and  
Skewness of Recycle Size Exclusion 
Chromatograms 

The chromatogram of a monodisperse polymer after 
passing through the columns is assumed to be proportional 
to 
exp[-(u - uo)2/2a,2] + f exp[-(u - uo - ~ ) ~ / 2 ~ , 2 ]  (11.1) 
instead of the single Gaussian curve given by eq 1.1. The 
larger the values of f and w, the more skewed is the 
chromatogram. I f f  = 0 or w = 0, the chromatogram re- 
duces to a single symmetrical Gaussian curve. 

The molecular weight distribution of the polymer is also 
assumed to be skewed and to be given by 

exp[-(X - X)2/2a,2] + b exp[-(X - X - ~ ) ~ / 2 a , 2 ]  
(11.2) 

By a computation similar to that in Appendix I, we 
derive 

bay 
l + b  l + f  

B - U X  - - + * ) n  + up(n - 1) (11.3) 

ba2y2 
an2 = a; + nu: + (n - l)up2 + n2a2u,2 + ~ 

(1 + blZn2 + 

W 2 f  n (11.4) 
(1 + f 1 2  

w3f(l - f )  
(1 + f 1 3  

a3y3b(f - 1) 

(1 + b)3 
s, = n +  n3 (11.5) 

The skewing depends on the parameters f ,  w, b, and y 
of eq 11.1 and 11.2. Because it is impossible to determine 
all four parameters from experimental chromatograms, we 
treat the case that f = b = l /> In this case eq 11.3-11.5 give 
u, = ( B  - a 8  - 1/3ay + w/3)n + up(n - 1) (11.6) 

an2 = ai2 + nu,2 + (n - l)ap2 + n2a2ax2 + z/su2y2n2 + 
ygw2n (11.7) 

(11.8) 
For the ratios of molecular weight averages we obtain 

Mw _ -  - exp(a,2) (11.9) 
Mn 9 

S, = Yz7w3n - 2/,a3y3n3 

5 + 2 exp(y) + 2 exp(-y) 
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